DIFFERENTIAL EQUATIONS
SELECTED FORMULAE

EXACT
OM(x,y) ON(x,y)
dy ox

Equation M(x,y)dx+ N(x,y)dy =0 isexactif or M, = N, Solution: F(x,y) = JM(x,y)ax + o)
_ 0 [ M(x,y)ox
= 3y

mF(x,y) = fM(x,y)ax +e()+c

i)
a—yF(x, y) +¢'(y) =N(x,y) solvefor ¢'(y) andintegrate ¢@(y)= J o'(y)+c

X

M,—N,
If M, # N, anintegrating factor may be p(x) = TN g u(xX)M(x,y)dx + u(x)N(x,y)dy =0 becomes exact.

SEPARABLE

F(x) dx + G(x)

Equation F(x)G(y)dx+ f(x)g(y)dy = 0 is separable as 70 900

dy or M(x)dx+ N(x)dy =0
m F(x,y) =JM(x)dx+fN(y)dy+c

HOMOGENEOUS

d d
Equation M(x,y)dx+ N(x,y)dy =0 is Homogeneous if d—i’ = f(x,y) can be expresed as d—i] =g(y/x)

d dv dv
Solution: set v =¥ y =vxand d_;y)c] =v+ X S0 gy/x)=gw) and v+ x o= g) or [v—g)ldx + xdy = 0 (separable)

dv +d;\c_o j dv +J‘d;\c_ F(y)+l _
g x 9@ L —¢ or mF(_ nlx| =c

HOMOGENEOUS WITH CONSTANT COEFICIENTS

1

ayy" +ay"'+ayy +azy=0 find: agm3 + a;m? + a,m+az; =0 Roots: m={r, r, 13}

B y=ce"*+ce"* + cze"3* If ro=a+bi then r3 =a—bi and m y = cie"* + e (c, sinbx + c3 cos bx)

UNDETERMINED COEFICIENTS (UC)

a,y" +a,y' + ay = F(x) find the non duplicating set of UC {fy f2 f3..} ¥p=Af1+Bf;+Cf3...
find AB and C equating agy, + a1y, + a;y, = F(x) then m y= c,e"* +c,e"* + Af; + Bf, + Cf3...

LINEAR

- dy - - : . [P [P
An equation expressed as FR P(x)y = Q(x) is an ordinary linear DE.  Solution: m e/P®dxy — fe ®dxQ(x)dx + ¢

BERNOULLI
. dy . . . - dv .4y
An equation expressed as ix + P(x)y = Q(x)y™ is a Bernoulli DE. Solution: set v =y" ! where i n-1y™- dx
dv dv
and 2+ (= DP@ = (1= DQ@); P1(0) = (- DP(); Q1) =(n-1QW) 8 - +P(x)v=0;(x) (lincar inv)

ORDER REDUCTION

To reduce second order homogeneous linear DE  ay(x)y" + a{(x)y' + a,(x)y = 0 to first order if f(x)is a known solution,

_fzé(z)
set gx) =v(@)f(x) wkx)=vx) wk)= e[ﬂ% v(x) = f w(x) dx General solution: m y = ¢ f(x) + c,g(x)

Euler'sformula: e” = cos®9 + isin®9
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CAUCHY-EULER EQUATION

3,717 2,07 mnr nr

Third order: agx3y"" + ax*y" + axy' + azy = F(x) substitute:x = e then t =Inx x3y"" =y, —3y/ + 2y, x*y" = y/ —y,

xy' =y, Charac.eq: aym®+am?+a,m+a; =0 Roots: m = {ry, r,, r3} Ve = 1€ + ¢ ™t + cge™3t

determine F(t) particular integral coef. and convert y(t) tom y(x) = ¢1y1(x) + ¢2¥2(x) + c3y3(x) + Af (x)1 + Bf(x), + -

VARIATION OF PARAMETERS

Second order: ag(x)y" + a;(x)y' + a,(x)y = F(x)  y.=¢1y1(x) + c2¥,(x) Yp = v1(0)y1(x) + v2(2)y2 (x)

-1

v} Y1 Y2 0 , /

H=1or 7l x | | vy = f vidx v, = f”z dx By =cy1(0) + €72(x) + v1(0)y1(x) + V() Y2 (%)
v, Y1 Y2 F
LAPLACE TRANSFORM

[ee)

L{f()}=F(s) = J; eStf(ydt f(t) =L YF(s)} Ly®y=Y(s) L{yI=sY—-y0) L{y"}=s*Y—-sy(0)—y'(0)

L{y"} = s’Y — s*y(0) — sy'(0) — ¥ (0) )y + a1y +a;y =F(x) aoL{y"}+a L{y'} + a;L{y} = L{F}
ao(s2Y —sy(0) —y'(0)) + a;(sY — y(0)) + a,Y = L{F} solve for Y(s) and find m y=L"Y{Y(s)}

f@) = L7YF(s)} F(s) = L{f (1)} f©) = L7HF(s)} F(s) = L{f ()}
1 1 1 9 t sin bt 2bs
— sin —
s (s2 + b2)2
1 2 _ bZ
2 et 10 t cos bt sy
s—a (s% + b%)?
b
3 sin bt L 11 e %sin bt S
5% + b? (s +a)? + b?
s s+a
4 - 12 -at ——
cos bt 21 b2 e cos bt Gt a)? - b2
5 sinh bt b 13 sin bt — bt cos bt 1
5% — b? 2b3 (s2 + b?)?
S tsin bt S
6 cosh bt s2+—b2 14 b (SZ n bz)z
n! e as
7 tn F 15 ua(t) S
8 thet _ 16 u,(Of(t—a) e F(s)
(S — a)n+1 a
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